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Recently, Ricceri posed a question about the uniqueness of a parameter λ∗ such that the
functional x → 12‖x‖2 + λ∗J(x) admits at least three critical points in a finite-dimensional
Hilbert space X (under certain assumptions on the functional J ∈ C1(X)). We give the
answer, which is negative, even in the case of infinite-dimensional spaces. Moreover, we
discuss the structure of the set of λs such that the above situation occurs.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
In [1], Ricceri proved a multiplicity result for the critical points of a class of continuously Gâteaux differentiable (in
what follows, for short: C1) functionals defined on a finite-dimensional Hilbert space, depending on a positive parameter λ.
Ricceri’s result reads as follows:
Theorem 1 ([1, Theorem 1]). Let (X, ‖ · ‖) be a finite-dimensional Hilbert space, J ∈ C1(X), x0 ∈ X, r, s ∈ R be such that
0 < r < s. Let the following conditions be satisfied:
(1.1) lim inf‖x‖→∞ J(x)‖x‖2 ≥ 0;
(1.2) infx∈X J(x) < inf‖x−x0‖≤s J(x);
(1.3) J(x0) ≤ infr≤‖x−x0‖≤s J(x).
Then, there exists λ∗ > 0 such that the functional
x → ‖x− x0‖
2
2
+ λ∗J(x)
has at least three critical points in X.
In [2], Theorem 1was extended to a wider class of finite-dimensional Banach spaces (see Theorem 3), and an application
was given to boundary value problems for difference equations involving the discrete p-Laplacian operator.
The proof of Theorem 1 is fully based on a previous result of the same author [3] on the well-posedness of some
minimization problems: such result assures that there exists λ∗ > 0 such that, the above functional admits at least two
global minimizers in X , then the existence of a third critical point is proved via the mountain pass theorem. The approach
followed, very interesting in itself, is strongly conditioned by some technical requirements, which necessarily lead to the
formulation of unusual (and unnecessary) hypotheses, namely, the restriction to finite-dimensional spaces and condition
(1.3) involving an annulus around x0.
In the present note, we will extend Theorem 1, removing such restrictions. Namely, we will prove the following result:
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Theorem 2. Let (X, ‖ · ‖) be a uniformly convex Banach space with strictly convex dual space, J ∈ C1(X) be a functional with
compact derivative, x0, x1 ∈ X, p, r ∈ R be such that p > 1 and r > 0. Let the following conditions be satisfied:
(2.1) lim inf‖x‖→∞ J(x)‖x‖p ≥ 0;
(2.2) infx∈X J(x) < inf‖x−x0‖≤r J(x);
(2.3) ‖x1 − x0‖ < r and J(x1) ≤ inf‖x−x0‖=r J(x).
Then, there exists a nonempty open set A ⊆]0,+∞[ such that for all λ ∈ A the functional
x → ‖x− x0‖
p
p
+ λJ(x)
has at least three critical points in X.
Theorem 2 improves Theorem 1 in more than one sense: it holds even for infinite-dimensional spaces, geometric
assumptions are looser (in particular, compare conditions (1.3) and (2.3)), and the conclusion is more precise. Indeed, the
existence of an open set A, such that the functional has three critical points for all λ ∈ A, is achieved. In particular, we answer
a question posed by Ricceri (see [1, Remark 7] and [2, Remark 10]): are there cases when the real number λ∗ of Theorem 1 is
unique? Actually, we always have infinitely many λs.
Theorem2 follows fromanother result of Ricceri [4], involving aminimax inequality (for the proof, see Section 2). Thiswill
lead us to discuss a more delicate question about the global minimizers of the functional under examination (see Section 3).
2. Main results
Let us begin the present section by recalling some results which will be useful in the forthcoming discussion. We will
rephrase them according to the notation of the present note.
We begin with a three critical points theorem of Ricceri:
Theorem 3 ([4, Theorem 1]). Let (X, ‖ ·‖) be a reflexive Banach space, I ⊆ R be an interval,Φ ∈ C1(X) be a sequentially weakly
l.s.c. functional whose derivative admits a continuous inverse, J ∈ C1(X) be a functional with compact derivative. Moreover,
assume that
(3.1) lim‖x‖→∞ [Φ(x)+ λJ(x)] = +∞ for all λ ∈ I;
(3.2) supλ∈I infx∈X [Φ(x)+ λ (ρ + J(x))] < infx∈X supλ∈I [Φ(x)+ λ (ρ + J(x))] for some ρ ∈ R.
Then, there exists a nonempty open set A ⊆ I such that, for all λ ∈ A, the functional Φ + λJ has at least three critical points
in X.
The main assumption of Theorem 3, namely the minimax inequality (3.2), can be achieved through the following result
due to Bonanno:
Proposition 4 ([5, Proposition 2.2]). Let X be a nonempty set, I = [0,+∞[,Φ, J : X → R be functions. Assume that there exist
xˇ, xˆ ∈ X and σ ∈ R such that
(4.1) Φ(xˇ) < σ < Φ(xˆ);
(4.2) infΦ(x)≤σ J(x) > (Φ(xˆ)−σ)J(xˇ)+(σ−Φ(xˇ))J(xˆ)Φ(xˆ)−Φ(xˇ) .
Then, there exists ρ ∈ R such that
sup
λ∈I
inf
x∈X
[Φ(x)+ λ (ρ + J(x))] < inf
x∈X supλ∈I
[Φ(x)+ λ (ρ + J(x))] .
Now we can prove our main result.
Proof of Theorem 2. Set I = [0,+∞[ and
Φ(x) = ‖x− x0‖
p
p
for all x ∈ X .
By well known results (see [6, Propositions 2.2.2 and 2.2.4]), we know that Φ ∈ C1(X) and its derivative is an operator
Φ ′ : X → X∗ admitting a continuous inverse.
We are going to apply Theorem 3. Let us prove that (3.1) holds: for any λ ∈ I and ‖x‖ big enough, we have
J(x)
‖x‖p > −
1
2λp
(see (2.1))
so we have
‖x− x0‖p
p
+ λJ(x) ≥ ‖x− x0‖
p
p
− ‖x‖
p
2p
,
and the latter tends to+∞ as ‖x‖ → ∞.
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Now we prove that (3.2) holds, by applying Proposition 4. We note that the functional J , having compact derivative, is
sequentially weakly continuous. On the other hand, the set
B = {x ∈ X : ‖x− x0‖ ≤ r}
is weakly compact, so the restriction of J to B attains its infimum. We claim that there exists xˇ ∈ X such that
‖xˇ− x0‖ < r and J(xˇ) = inf
x∈B J(x). (1)
Indeed, bearing in mind (2.3), we can distinguish two cases:
• if J(x1) = infx∈B J(x), we just set xˇ = x1 and get (1);• if J(x1) > infx∈B J(x), let xˇ ∈ B be a minimizer of the restriction of J to B, so J(xˇ) < J(x1), which, by (2.3), implies that
‖xˇ− x0‖ < r , so we get (1).
Moreover, by (2.2) there is a xˆ ∈ X such that
‖xˆ− x0‖ > r and J(xˆ) < inf
x∈B J(x). (2)
Set
σ = r
p
p
.
So, for all x ∈ X,Φ(x) ≤ σ iff x ∈ B. It is seen at once that
Φ(xˇ) < σ < Φ(xˆ),
so (4.1) is satisfied. Moreover,
inf
x∈B J(x) = J(xˇ)(see (1))
= (Φ(xˆ)− σ)J(xˇ)+ (σ − Φ(xˇ))J(xˇ)
Φ(xˆ)− Φ(xˇ)
>
(Φ(xˆ)− σ)J(xˇ)+ (σ − Φ(xˇ))J(xˆ)
Φ(xˆ)− Φ(xˇ) (see (2)),
so (4.2) is satisfied. Then, by Proposition 4, there is ρ ∈ R such that (3.2) holds.
By Theorem 3, there is a nonempty open set A ⊆ I such that, for all λ ∈ A, the functionalΦ+λJ has at least three critical
points in X . 
Remark 5. Wewish to note that evenmore information can be achieved, under the same hypotheses, namely,we can assure
the existence of a compact interval [α, β] ⊂]0,+∞[ and of R > 0 such that, for all λ ∈ [α, β] and all Ψ ∈ C1(X) with
compact derivative, there exists δ > 0 such that, for all µ ∈ [0, δ], the perturbed functional Φ + λJ + µΨ admits at least
three critical points with norms less than R (see [4]). Of course, this additional information is not directly related to the
present discussion.
3. A further question
In what follows, we will discuss Ricceri’s question in a deeper sense: let X, x0, x1 ∈ X, p > 1 and J ∈ C1(X) satisfy all
hypotheses of Theorem 2, and let us set
ϕλ(x) = ‖x− x0‖
p
p
+ λJ(x) for all x ∈ X, λ > 0.
As we said in the Introduction, Theorem 1 assures precisely the existence of λ∗ > 0 such that ϕλ∗ admits at least two
global minimizers, plus a third critical of undetermined nature (see [1]). Theorem 2 provides a different information: for all
λ ∈ A, the functional ϕλ has at least two local minimizers plus a third critical point (see [4]).
Actually, under the same assumptions, we can still prove the existence of two global minimizers for a certain λ∗, thus
recovering all the information about our functional. We recall another result of Ricceri dealing with global minima (slightly
rephrased):
Theorem 6 ([7, Theorem 2]). Let X be a Hausdorff space, I = [0,+∞[,Φ, J : X → R be functions. Moreover, assume that
condition (3.2) is fulfilled together with
(6.1) the set {x ∈ X : Φ(x)+ λJ(x) ≤ τ } is compact for all λ ∈ I, τ ∈ R.
Then, there exists λ∗ > 0 such that the functionalΦ + λ∗J has at least two global minimizers in X.
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Fig. 1. Graph of J .
Fig. 2. Graphs of ϕλ .
Of course, the conclusion of Theorem 6 is completely different from that of Theorem 3 and in this case, λ∗may be unique:
an examplewas given in [7, Remark 2], set in a two-pointHausdorff space.Wenote an interesting consequence of Theorem6:
under some additional hypotheses, one can prove that the functional ϕλ∗ has at least four critical points in X (see [3]).
Comparing Theorems 3 and 6, we see that the minimax inequality (3.2) produces two distinct effects: on one hand, it
forces ϕλ to have two local minimizers for infinitely many positive λs, and on the other it implies the existence of at least
one positive λ∗ such that ϕλ∗ has two global minimizers.
In the present note, we are concerned only with functionals satisfying the hypotheses of Theorem 2. We have already
seen that such hypotheses imply that the minimax inequality (3.2) holds, so Theorem 6 applies as well (with X endowed
with the weak topology): then, we find an open set A ⊂]0,+∞[ and a real λ∗ > 0 such that ϕλ has two local minimizers
for all λ ∈ A and ϕλ∗ has two global minimizers.
In connectionwith the situation described above,we are led to consider the following problem, strictly related to Ricceri’s
question: under the assumptions of Theorem 2, can this λ∗ be unique? And what is the relation between λ∗ and the set A?
We will present an example illustrating how, even in the most natural setting (C1 functions on R), the real number λ∗
may be unique, and isolated from the set A.
Example 7. Define J ∈ C1(R) (see Fig. 1) by setting
J(x) =

x2 + 3 if x ≤ 0
−x2 + 3 if 0 < x ≤ 1
(x− 2)2 + 1 if 1 < x ≤ 4
−2(x− 5)2 + 7 if 4 < x ≤ 6
5

6
x
 24
5
if 6 < x.
Then, it is easily seen that J complies with conditions (2.1), (2.2) and (2.3) with p = 2, r = 4, s = 6 and x0 = x1 = 0. We
are interested in the critical points of the function ϕλ ∈ C1(R) defined by
ϕλ(x) = x
2
2
+ λJ(x),
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with λ > 0. According to the above discussion, there exists an open nonempty set A ⊆]0,+∞[ and a number λ∗ > 0 such
that, for all λ ∈ A, ϕλ has at least three critical points, while ϕλ∗ has at least two global minimizers.
In fact, a straightforward computation gives the following results (see Fig. 2):
• for 0 < λ < 12 , ϕλ has only one critical point which is a global minimizer;
• for λ = 12 , ϕλ has infinitely many critical points, all global minimizers;
• for 12 < λ < 32 , ϕλ has two critical points, one of which is a global minimizer;
• for λ = 32 , ϕλ has three critical points, one of which is a global minimizer;
• for λ > 32 , ϕλ has four critical points, one of which is a global minimizer.
Thus, we have A =] 32 ,+∞[(recall that A is open) and λ∗ = 12 , which is unique and not in the closure of A.
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